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On the Global Convergence of Broyden's Method* 

By J. J. More and J. A. Trangenstein 

Abstract. We consider Broyden's 1965 method for solving nonlinear equations. If the 
mapping is linear, then a simple modification of this method guarantees global and Q- 
superlinear convergence. For nonlinear mappings it is shown that the hybrid strategy 
for nonlinear equations due to Powell leads to R-superlinear convergence provided the 
search directions form a uniformly, linearly independent sequence. We then explore 
this last concept and its connection with Broyden's method. Finally, we point out 
how the above results extend to Powell's symmetric version of Broyden's method. 

1. Introduction. Let F: RI -+ Rn be a mapping with domain and range in real 
n-dimensional Euclidean space R', and consider the problem of finding a solution to the 
system of equations F(x) = 0 by Broyden's [11 method. 

In this paper we show that a simple modification of Broyden's method leads to 
global and Q-superlinear convergence if F is an affine function with nonsingular coeffi- 
cient matrix. This improves on a result of Broyden [2] which gives local and R-super- 
linear convergence to the unmodified method. For future reference, recall (for more 
information see [7, Chapter 91) that if a sequence {Xk} converges to x*, then {Xk} con- 
verges R-superlinearly to x * if 

lim IlXk - x*111Ik - 0, 
k-* + 

and that {Xk} converges Q-superlinearly to x * if there is a sequence {ak} converging to 
zero such that 

IIXk+1 - X| 6 CakllXk - X*lt, k > 0. 

Clearly, Q-superlinear convergence implies R-superlinear convergence but the converse 
does not hold. 

If F is not affine, the above modification of Broyden's method fails to be globally 
convergent, although an improvement of a result of Broyden, Dennis and More' [3], 
shows that it is locally and superlinearly convergent under very reasonable conditions. 

In order to ensure the global convergence of Broyden's method we follow Powell's 
(81 hybrid method. For this algorithm Powell proved a global convergence result, but 
did not analyze the rate of convergence. In this paper we show that if the sequence 
{Xk} generated by the hybrid method converges to a point x * then F'(x *)TF(x *)- 

where F'(x *) denotes the Jacobian matrix of F at x *. Thus if F'(x *) is nonsingular 
then F(x*) = 0, and under this condition, we show that in general {Xk} converges R- 
superlinearly to x *. 
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The hybrid method requires "special iterations" which guarantee that the Jacobian 
approximations in Broyden's method do not differ radically from the true Jacobians. 
Powell's [8] special iterations guarantee this by making sure that the directions gener- 
ated by the algorithm are uniformly linearly independent. In Section 5 we examine 
this concept and show that the various definitions in the literature are equivalent. This 
leads to particularly easy proofs of the results of Powell [8] on the behavior of the 
matrices generated by Broyden's update. 

Finally, in Section 6 we discuss the extension of the previous results to Powell's 
[10] symmetric form of Broyden's update. 

As far as notation is concerned, we assume that Rn is equipped with the usual 
inner product (x, y) = x Ty and 11 11 denotes the 12 vector norm or the corresponding 
operator norm in L(R')-the linear space of all real matrices of order n. We shall also 
use the Frobenius norm 

(1.1) IIAIIF= [trace(ATA)]1/2 

and the fact that for any A and B in L(R'), 

(1.2) IIABIIF < IIA 11 IIBIIF. 

2. Broyden's Method. Let F: Rn -- Rn be given. In its simplest form Broyden's 
method is of the form 

(2.1) Xk+l = Xk -B-lF(xk), 

where, given an approximation Bo to F'(xo), the matrices {Bk} are generated by 

(2.2) Bk+l = Bk + (Yk -Bksk)sk k 

and 

(2.3) Yk = F(xk+l) -F(xk), Sk = Xk+1 -Xk. 

The motivation for Broyden's method is that the matrices generated by (2.2) are 
good approximations to the Jacobian matrices and thus (2.1) resembles Newton's 
method, but with the difference that (2.2) only requires one function evaluation and 
0(n2) arithmetic operations while the Jacobian matrix requires the evaluation of n2 
partial derivatives. Moreover, (2.1) can be carried out in 0(n2) operations while New- 
ton's method requires 0(n3). 

There are two ways to compute xk+ 1 in 0(n2) arithmetic operations. In the 
first method the inverse of {Bk} can be computed by the Sherman-Morrison formula as 

(2.4) Hk+ 1= Hk (Sk - Hkyk)SjHkI(Sk, Hkyk), 

while in the second method a QR factorization of Bk is carried along; for example, 
see the technique of Gill and Murray [6]. Either method can be done in 0(n2) arith- 
metic operations per iteration but the latter method is recommended for stability reasons. 

Further information and motivation for Broyden's method can be found in the 
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survey paper [51; in particular, that paper contains a discussion of the following result 
of Broyden, Dennis and More [3]. 

THEOREM 2.1. Let F: Rn > R' be continuously differentiable in an open con- 

vex set D, and assume that F(x *) = 0 and F'(x *) is nonsingular for some x * E D. In 
addition, suppose that F' is Lipschitz continuous at x *, and consider Broyden's method 
as defined by (2.1), (2.2) and (2.3). Then Broyden's method is locally and Q-super- 
linearly convergent at x *. 

To be more precise, the conclusion of this theorem means that there is an e > 0 
and a 6 > 0 such that if llxo - x*It < e and llBO - F'(x*)II < 6, then Broyden's 
method is well defined, and if {Xk} is the sequence generated, then either Xk = x * for 

some k at which place the iteration stops, or {Xk} converges Q-superlinearly to x*. 
Broyden's method is sometimes modified by defining {Xk} by (2.1) and (2.2) but 

instead of (2.3), 

(2.5) Yk = F(xk + Sk) - F(xk) 

for some nonzero vector Sk. The proof of Theorem 2.1 shows that this version of 
Broyden's method is locally and linearly convergent if sk satisfies a relationship of the 
form 

||Sk|| < i max{Ilxk+1 - X*11, IlXk - X11} 

provided xk' xk+ 1 belong to D. However, superlinear convergence will be lost unless 
the direction of Sk is chosen with some care. For example, the choice Sk = IIF(Xk+l)IIU 
for some fixed vector u leads to local and linear convergence, but rarely to.superlinear 
convergence. In this connection note that under the assumptions of Theorem 2.1, 
Dennis and More [4] proved that if the sequence xk generated by (2.1) converges to 
x * then {Xk} converges Q-superlinearly to x * if and only if 

(2 .6) li|| [Bk - F'(x*)j(xk+l - 
Xk)I= 

k-+- oo lxk + 1 - Xkll 

This explains why the choice Sk = IIF(Xk+ )Ilu rarely leads to superlinear convergence. 
However, in Section 5 we will show that if the direction of Sk is chosen so that 

{Sk/llSkll} is uniformly linearly independent, then the matrices {Bk} generated by (2.2) 
converge to F'(x*) and thus (2.6) holds. Hence, in this case we also have Q-super- 
linear convergence, but note that if Sk : Xk+ 1 - Xk, then the computation of (2.2) 

would require an additional function evaluation unless F(Xk + Sk) is used at some other 

stage of the calculation. 

3. Broyden's Method for Linear Equations. We would like to improve Theorem 
2.1 if F: Rn -+ Rn is affine with nonsingular coefficient matrix; that is, 

(3.1) F(x) = Ax - b, A E L(Rn) nonsingular. 

To investigate this problem, first note that the matrices generated by (2.2) may be 
singular. In fact, it is easy to verify that if Bk is nonsingular then Bk+l is nonsingular if and 
only if (Sk, Bk- lYk) # 0. This also follows from the following result, whose simple proof 

can be found, for example, in [5, Lemma 4.4]. 
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LEMMA 3.1. Let u, v E Rn. Then det(I + uvT) = 1 + (u, v). 
This result also shows how to avoid singularity in Bk+I. Powell [9] sets 

(3.2) Bk+ = Bk + 0k(Yk - Bk Sk)ST/IISk 112, 

where ok is chosen so that Bk+ I is nonsingular. To be more precise, given a E (0, 1) 
we choose ok so that 

(3.3) Idet Bk+l I aldet BkI, '0k- S ?. 

To see that this is possible, note that Lemma 3.1 implies that 

IdetBk+l1 = IdetBkll(1 - ok) + Ok(Bk Yk Sk)/IISkI121. 

Thus, if 'k is defined by (B-lyk, Sk) -kIlSkI12 then we can choose 

1) 7yk I > 

ok 1 -sign('Yk)a kl < 
- 7k~ 'k' 0 

where sign(O) = 1. It is not too difficult to show that this choice of ok provides a 
number closest to unity so that (3.3) is satisfied. In the rest of the paper we will only 
assume that ok is chosen to satisfy 

(3.4) Bk+1 nonsingular, V0k -II S6 < 1. 

THEOREM 3.2. Let F: Rn -- Rn be given by (3.1) and consider Broyden's 
method as defined by (2.1), (2.3), (3.2) and (3.4). Then Broyden's method is globally 
and Q-superlinearly convergent. 

Proof. The result follows from a careful estimation of the difference between 
IIEk+ 1 112 and IIEkI12 where Ek = Bk - A and 11 IIF is the Frobenius norm. For this 
note that 

Ek+l =Ek(I- OkSkSkIIskII ) 

and therefore, direct calculation with IIEIIJ = trace(ETE) yields 

11IEk+IIF = jFk II - Ok(2 
- Gk)(lIEkSkl1/11SkII). 

This implies that 

(1 _ #)2 E (I1EkSkll \2 

and in particular, 
(3.5) l~~~~~~im IlEkakll=0 
(3.5) k--*oo llskkll 

Now note that (Bk - A)Sk = -F(Xk+l) = -A(Xk+l - x*) where x* A-lb. 

Therefore, if Ek is defined by 

JIAtI|IIEkSk11 EkIlSkI1, 

then 
IIXk+l X*|| < EkIlSklI Ek[kllXk+l - X*11 + IlXk -X*11], 
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and (3.5) clearly shows that {Ek} converges to zero. The above inequality then implies 
that 

IIXk+l - x*II < EkIlXk - X*1/(1 - Ek) 

for k sufficiently large, and this proves that {Xk} converges Q-superlinearly to x*. 
Theorem 3.2 is interesting because to our knowledge it is the only iterative method 

which is globally and superlinearly convergent for arbitrary nonsingular linear systems. 
While the above-mentioned modification of Broyden's method leads to global and 

superlinear convergence in the linear case, this does not hold for general nonlinear func- 
tions. In one dimension Broyden's method essentially reduces to the secant method, 
and this method can cycle. 

Example 3.3. Let f: R R be any continuously differentiable function such 

that 

f(? 1) =?+ 1, f((V5 - 2)) = 2 1) 

For example,f(x) = a arctan(,Bx) with a = 0.733 . . . and ,B= 4.75 .... It can then 

be verified that Broyden's method as defmed by (2.1), (2.2) and (2.3) cycles if xo = 1 
and Bo = (3- _ /5)-1. To be more specific, it turns out that X2k+ = (- l)k(v-5-2) 
and that x2k = (_ )kX0 . Also note that if Bk is defined by (3.2) and (3.3), instead of by 
(2.2), then ok = 1 satisfies (3.3) if a < 0.37. 

Example 3.3 shows that Broyden's method or its modification, may cycle and 
diverge. On the other hand, Theorem 2.1 actually shows that the modification is still 
locally and superlinearly convergent. This follows because the proof of Theorem 2.1 
shows that e > 0 and 6 > 0 can be chosen so that if llxo - x*11 < e and IIBO - F'(x*)ll < 6, 
then IlBk - F'(x *)ll < 26 for all k > 0. Certainly 6 can be further restricted so that 

ok = 1 satisfies either (3.3) or (3.4). However, even if ok = 1 is not chosen, we still 
have local and superlinear convergence. 

THEOREM 3.4. Let F: Rn -> R' satisfy the assumptions of Theorem 2.1, and 
consider Broyden's method as defined by (2.1), (2.3), (3.2) and (3.4). Then Broyden ' 

method is locally and superlinearly convergent at x *. 

This result follows from a modification to the proof of Theorem 2.1 as given by 
Broyden, Dennis and More [3], so we will omit its proof. Note that since Theorem 
3.4 lets us choose any ok which satisfies (3.4), this gives a certain amount of stability 
to Broyden's method. 

4. Powell's Hybrid Method. In view of Example 3.3, Broyden's method must be 

modified in order to achieve global convergence. In this section we outline a modifi- 
cation due to Powell [8] which achieves this aim; for a more thorough presentation 
see the original papers [8], [9]. 

Powell's hybrid method was designed to find solutions to F(x) = 0 where F: Rn 
Rn is continuously differentiable in some open set D, but we are not able or willing 

to calculate the Jacobian matrix. Basically, the method attempts to minimize the func- 
tional 4: Rn -+ Rn defined by 

(4.1 ) (x) = (1 /2)11 F(x)112, 
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while making full use of the form of 4. 
At the beginning of the kth iteration, we have the iterate Xk, an approximation 

Jk to F'(xk) and a step-bound Ak such that the quadratic 

(4.2) 'Dk(P) = (1/2)IIF(Xk) + JkPII2 

is a good approximation to (xk + p) for IlpIl < Ak/ Below we specify how a correc- 
tion Pk is determined with I'Pkll < Ak. Once this is done then the next iterate is given 
by 

Xk+l = Xk + Pk if (xk + Pk) < I(xk)X 

= Xk otherwise. 

Thus to complete the description of the kth iteration we need to define Pk' A k+ 1' and 

Jk+1 - 

The correction Pk can either be chosen by an ordinary iteration or by a special 
iteration. The idea behind the choice of Pk in an ordinary iteration is that the Newton 
direction of F 

(4.4) pN= -J 1 F(xk) 

is suitable if IIpNII S Ak. Otherwise Pk should be chosen as a convex combination of 
p/N and some multiple of the steepest (or gradient) direction of Fk, 

(4-5) pk~~~~~~~G = -JTF(x ) 5 (4.5) Pk= o 

which reduces 'Fk in some sense. Hence, if I|pkIp ? Ak then Pk = Pk, but if IkIp| > 

Ak we examine Ik on the ray along p G. It is not difficult to verify that on this ray 

'Dk stops decreasing at 

(4.6) Pk = (IIi4I/PJkik kI)2LvG- 

Thus, if IIPkll > Ak then it is reasonable to choose 

Pk= AkPk/llPk 

If IIkII <Ak we can decrease '1)k further by proceeding toward pN; in this case we 
choose Pk as the convex combination of Ak and p/N which minimizes Fk subject to 
I"Pkll < Ak. Hence, if IIpkII > Ak and IIPkII < Ak, then Pk is determined by finding 
c G (0, 1) such that 

1|( 1 -4Pk ?ap1Ik lAk 

and setting Pk = (1- a)Pk 
? 

?Xpk To change the step-bound Ak in an ordinary 
iteration we test whether or not 

(4.7) (xk) - ?Xk + Pk) > P[ Ik(O) - k(Pk)] X 

where p E (0, 1) is a given constant. If (4.7) holds, then the iteration is successful and 

Ak+ 1 G [Ak, gAk] for some g > 1. Otherwise the iteration is unsuccessful and Ak+ I 
E [PlAk, P2Ak], where p1 S p2 < 1. In the program given by Powell [9] the values 
p = 0.1, ,u = 2, p1 = p2 = 0.5 are used. 
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This completes the description of how the correction vector Pk is calculated and 
how the step-bound Ak+ 1 is changed in an ordinary iteration. Special iterations are 
needed because sometimes it is convenient not to define Pk by the procedure outlined 
above. This is particularly true if Jk+ 1 is determined from Jk by Broyden's method; 
see the discussion after Eq. (4.8). At this point the particular method for deter- 
mining Pk in a special iteration is not important but we assume that IIPkll < k and 
that at most n consecutive special iterations are necessary. Finally, in a special iteration 

Ak+l Ak. 
The matrix Jk + 1 is determined from xk, Pk and Jk in such a way that for some 

fixed y > 0, 

(a) Jk is nonsingular and IIJkll ? y for k > 0. 
(4.8) (b) If {Xk} converges to x in D and {Pk} 

converges to zero, then {Jk} converges to F'(x). 
There are several ways to define {Jk} so that (4.8) is satisfied. We will be partic- 

ularly interested if it is determined by Broyden's method: 

(4.9) J+1 =k ??k [F(xk ?Pk) -F(Xk) -JkPkIPk Jk+ 1 = Jk + Ok 
~~IlPki i2 

and ok is chosen so that Jk + 1 is nonsingular and I0k - II S 0. In this case, however, 
(4.8) does not hold unless careful use is made of the special iterations. For example, 
if the sequence {Pk} does not span R , then there is a v / 0 with (v, Pk) = 0 for 
k > 0 and then (4.9) implies that JkV = Jov. Hence, (4.8)(b) will not hold unless the 
choice of Jo was somewhat fortunate. On the other hand, in the next section we prove 
that if the special iterations are used to guarantee that {Pk} satisfies a uniform linear 
independence condition, then (4.8) holds. 

One way to guarantee that {Pk} satisfies a uniform linear independence condition 
is to choose, at periodic intervals, Pk to be a suitable multiple of a unit basis vector so 
that for some integer m > n, 

{el, ... , enl} C P+1, ? P+m 

If this strategy is used in connection with (4.9) then this amounts to replacing, at 
periodic intervals, a column of Jk by a divided difference. To see this, note that if 
ok = 1 and Pk = 77e1 is used in (4.9), then the jth column of Jk is replaced by 

[F(xk + 77e,) 
- 

F(Xk)] /n 

and the other columns of Jk are unchanged. An equivalent method would just replace, 
at periodic intervals, Jk by a divided difference approximation to F'(xk). 

Of course, it will not be possible to define Jk+ 1 SO that (4.8) is satisfied unless 
F' is bounded on a set which contains the iterates. With this in mind, note that 

Xk+I E L where 

L = {x E D: IIF(x)II < IIF(x0)JJ}, 
but that xk + Pk may not lie in L. Therefore, the algorithm requires a A > 0 such 
that if 
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LA = {y E Rn: IIy - xll < A for some x E L}, 

then LA C D, and in all cases Ak + 1 is not allowed to exceed A. Note that LA C D is 
automatically satisfied if D = Rn while if D is open but otherwise arbitrary and L is 
compact, then there is always a A > 0 such that LA C D. 

In what follows, Powell's hybrid method refers to the algorithm outlined above, 
where in particular, the sequence {Jk} satisfies (4.8). The main convergence theorem 
for this algorithm is due to Powell [8, Theorem 51. 

THEOREM 4.1. Let D be an open set such that L C D and assume that F: Rn 
Rn is continuously differentiable on D and F' is bounded on LA. Then for each 

e > 0 Powell's hybrid method produces a k such that IIJTF(xk)II <e. 
Since the main purpose of Powell's theorem is to prove that the algorithm termi- 

nates, he leaves some questions unanswered. For example, if {Xk} converges to some 
x * in D, does it follow that F'(x*)TF(x*) = O? Also, if F'(x*) is nonsingular (and hence 
F(x*) = 0), at what rate does {Xk} converge to x *? In the remainder of this section 
we answer these two questions. 

THEOREM 4.2. Let F: Rn -- Rn satisfy the assumptions of Theorem 4.1 on the 
open set D. If the sequence {Xk} generated by Powell's hybrid method converges to 
some x * in D, then F'(x *)TF(x *) = 0. 

Proof. We first assume that there is an infinite number of successful Newton iter- 
ations. In this case, since (4.7) implies that 

IIF(Xk+1)11 S (1 - p)11F(Xk)II 

whenever the kth iteration is a successful Newton iteration, and since for all iterations 

IIF(xk+l )II < IIF(xk)11, it follows that if there are an infinite number of successful Newton 
iterations then {IIF(xk)ll} converges to zero and hence, F(x*) = 0. 

Suppose now that there is a ko > 0 such that if k > ko then the kth iteration is 
not a successful Newton iteration. In this case, if k corresponds to an ordinary itera- 
tion, then Ak +1 < P2 Ak if the iteration is unsuccessful, or Ak + 1 < pAk if the itera- 
tion is successful. Moreover, in the latter instance Ak = IIXk+1 - XkII since Pk N p/s. 

Hence, in an ordinary iteration k with k > koI, 

Ak+l < max{p2Ak,5pIIXk+l XkII}. 

A special iteration sets Ak+1 = Ak, and there are at most n consecutive special itera- 
tions. Thus, since {Ilxk+1 - XkII} converges to zero, it follows that {Ak} and hence, 
{Pk} converges to zero. Now (4.8) guarantees that {Jk} converges to F'(x*), and then 
Theorem 4.1 shows that F'(x*)TF(x*) = 0 as desired. 

If we assume in Theorem 4.2 that F'(x *) is nonsingular, then F(x*) = 0. The 
following result shows that in this case the sequence {Xk} will usually converge R-super- 
linearly to x *. 

THEOREM 4.3. Let F: Rn -+ Rn satisfy the assumptions of Theorem 4.1 on the 

open set D, and assume that the sequence {Xk} generated by Powell's hybrid method 
converges to a point x * in D and that {Pk} converges to zero. If F'(x *) is nonsingular, 
then F(x *) = 0 and {x*} converges R-superlinearly to x *. 
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Proof That F(x *) = 0 follows from Theorem 4.2. Moreover, since we have 
assumed that {Pk} converges to zero, (4.8) guarantees that {Jk} converges to F'(x*), 
and since F'(x*) is nonsingular, there is a a > 0 such that IIJ,7 'II S a. It also follows 
that if 

k= sup{IIF'(Xk + tpk) - Jkll: 0 < t < 1}, 

then {fk} converges to zero. 
For the most part, the proof consists of showing that eventually all the ordinary 

iterations are successful. This means that there is a k1 > 0 such that if k is an ordinary 
iteration and k > k1, then 

(4.10) Xk+l Xk + Pk, Ak+l > Ak. 

But Ak +1 = Ak for special iterations so that Ak + 1 > Ak for all k > k1. In particular, 
since II Jk 1 11 < a it follows that 

{lk 11< GFIF(Xk)ll < Ak, 

and thus all ordinary iterations eventually choose Pk = PkN. The first equation in 
(4.10) now shows that 

I IF(xk + 1 ) I I = I I F(xk+) -F(xk) -Jk Pk I1I 6-7k I I Pk I I < 7U k I I F(Xk) I, 

where k corresponds to an ordinary iteration. Since {?k} converges to zero, given e in 
(0, 1) there is a k2 > 0 such that ar7k < e for k > k2. Now recall that IIF(xk+1)ll 6 

IIF(xk)II in all cases and that we have assumed that there is at least one ordinary itera- 
tion in each set of n + 1 consecutive iterations. Hence, if 1 < (k - k2)/m where m = 

n + 1 then 

IIF(Xk)II < EIIF(Xk_ m)ll < . . . < E'I lF(Xk-m )I I 

so that if 1 = I(k) is the largest integer that does not exceed (k - k2)/m, then 

lim supIIF(xk)II1/k 6lim sup eI/kIIF(xk )II1/k < El/m. 
k--+oo k--+oo 2 

Since e > 0 was arbitrary, it follows that 

(4.11) lim IIF(Xk)I I/k = 0, 

and since {Xk} converges to x * and F'(x *) is nonsingular, (4.11) implies that {Xk} con- 

verges R-superlinearly to x *. 
To complete the proof it is only necessary to show that eventually all the ordinary 

iterations are successful. For this we first prove that if k corresponds to an ordinary 
iteration then 

(4.12) l/4Xk) - k(Pk) > (1/2)Ipk lImin Ak, lljkpGIV' 

(4.13) /Xk + Pk) 4k(Pk) < ?kllPkllf{(7?k/2)lIPklI + IIF(Xk) + JkPk"I}5 

where 4 and o?k are defined by (4.1) and (4.2), respectively. To prove (4.12) note that 
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if 0<X?\Ak then 

ok(Pk) 6 (Dk( Pk/ lk I 

In particular, if Xk = min{Ak, IIPkiI} where Ak is defined by (4.6) then 

(4.14) l/(Xk) - (k(Pk) > ok(?) - (k(XkPk 11k) 

To estimate the right side of this inequality note that for any X > 0 

(D ~ ~ XIGII[I () k-j 
sk(?) 

- 
(Dk( IlpGll) Xlk [ 2) lPk 13 

and since XkIIJkpkII k IIpkII3, 

ok(?) - (k(XkPk /11Pk 11) 
k (kl2)lpIG 11. 

It now follows from (4.14) and the definitions of Xk and P^k that (4.12) holds. 
To prove (4.13) note that 

I IIF(Xk + Pk)II - IIF(Xk) + JkPkIIl I nkllPkll' 

and since a 2 _ g2 < la - g11a - 31 + 2131}, inequality (4.13) follows immediately 
from the definitions of i and (. 

It is now easy to prove that eventually all the ordinary iterations are successful. 
Note that IlPkll 6 IIpkNTI and therefore, 

(4.15) < 1 21llpG II. 

Hence (4.12) implies that 

(4.16) l/(Xk) 
- 

(Ik(Pk) > (l/2)PIp lpkll min{1, (a)2}. 

Next note that IIF(xk)ll < aIIPkGII so that (4.13) and (4.15) imply that 

(4.17) l~(Xk + Pk) - 
(k(Pk) 6 nkIIPk IIIIPk II{((??k/2) + 7)U + a}. 

It is now clear from (4.16) and (4.17) that there is an index k1 > 0 such that for k > k, 

(1 - P)[M(Xk) - ok(Pk)] > 4Xk + Pk) - (k(Pk)' 

or equivalently, 

P(Xk) - (xk + Pk) > PFIk(O) - (k(Pk)] 

This shows that eventually all the ordinary iterations of the algorithm are successful and 
concludes the proof. 

Theorem 4.3 assumes that the sequence {Pk} converges to zero. At first sight it 
would seem that this follows from the fact that {Xk} converges, but the following example 
shows that if the choice of {Jk} is careless enough, then {Pk} may not converge to zero. 

Example 4.4. Let f: R -+ R be defined by f(x) = x, and consider Powell's hybrid 
method with p = p1 = P2 = 0.5 and p = 2. Assume that xk = (1/2)k and Ak > 0.5; 
we will show that it is possible to choose {Uk} so that xk+2 - (=/2)k+ 1 and Ak+2 = Ak. 
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To see this, note that if Jk = 2 then Pk = pkj is successful and hence, Xk+ 1 = 

(I/2)k+1. Since the iteration is successful, we are allowed to take Ak+ 1 = 2Ak. Now 
choose Jk+ 1 =-2-k Then Pk = pN, but in this case the step is unsuccessful and 
moreover, xk+2 = Xk+ 1 and Ak+ 2 = (l/2)Ak+ 1 . Hence, xk+2 = (I/2)k+ 1 and Ak+2 
= Ak so that the same pattern can be repeated. Thus {Xk} converges to x* = 0 but 
the rate of convergence is not superlinear. 

Example 4.4 shows that some subsequence of {"lPkll} can be bounded away from 
zero and therefore, (4.8) does not force {Jk} to converge to F'(x *). There are several 
ways to remedy the situation. 

One solution consists of setting Jk+ 1 = Jk if IIF(xk + Pk)11 > IIF(xk)ll in the 
ordinary iterations, and taking care, in the special iterations, that the correction vector 
Pk converges to zero if {Xk} converges. For example, this can be done by taking IIPkl 
= O()IIxk - Xk 1 11). This modification would guarantee that { Jk} is only calculated 
from a sequence {Pk} which converges to zero if {Xk} converges. 

Another solution would be to modify the definition of the step-bound and require 

Ak+1 E [PlllIPkIlI'P21IPkll] 

if the kth step is unsuccessful, and Ak+l E [llPkll, "llPkll] if the step is successful. In 
this case 

Ak+l < max{p2Ak, pIIXk+1 -XkII}, 

and thus if {Xk} converges then Ak converges to zero and hence, {Pk} must also con- 
verge to zero. This choice of step-bound is analogous to the one used in Powell's [10] 
hybrid method for unconstrained minimization. 

Note that the second solution is actually a modification of the hybrid method and 
thus requires new proofs for the previous three results. This can be done, so from a 
theoretical point of view both modifications appear to be equally reasonable. Therefore, 
it would be interesting to compare numerically the above two approaches. 

5. Uniform Linear Independence. The purpose of this section is to study the con- 
cept of uniform linear independence and to show that most of the definitions available 
in the literature are, in fact, equivalent. As our starting point, we take a definition that 
Ortega and Rheinboldt [7] used in the study of iterative methods for unconstrained 
minimization. 

Definition 5.1. A sequence of unit vectors {u1} in Rn is uniformly linearly inde- 
pendent if there is a 6 > 0, a ko > ? and an m > n, such that for k > ko and lIxIl = 1, 

maxjj(x, u,)I: j = k + 1, . . .,. k + m} > 0. 

This definition requires that each set of m consecutive vectors in the sequence 
{u1} spans Rn. However, it requires more. For example, if U2k = (1/ k + 1)(k, 1) 
and Uj = (1, 0) for j odd, then each m = 2 consecutive vectors spans R2 but this 
sequence is not uniformly linearly independent. 

Also note that the term "uniformly linearly independent" is a misnomer since, of 
course, the sequence {uj} is not linearly independent. It would be better to say that 
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{u1} spans Rn uniformly if the sequence satisfies Definition 5.1. 
LEMMA 5.2. Let ul, ..., ur be unit vectors in Rn and assume that 0 E (0, 2) 

for 1 j 6 m. Then {ul,. ..,um} spans Rn if and only if 

JJ [I - ojujTu1 < 1. 

Proof Assume first that {u1,.. , um} does not span Rn, and let 
m 

P = I [I - OjujuT]. 
j=1 

Then there is an x 0 O such that (x, u1) = 0 for 1? 1 j m, and thus Px = x. In parti- 
cular, IIPII > 1. 

Assume now that {u1, . .. , um} spans Rn. To show that IIPII < 1 choose z1 in 

Rn and define 

(5.1) Zj+ 1 = (I - O1ujuf )z, j = 1, . .., 

so that Zmr+i = Pz1. We now show that IIZm +1II < 1 if IIz1 1 = 1. For this note that 

IIzj+1II2 = IIzjII2 - Oj(2 - 0j)(uj Z )2 

In particular, IIz1+ 1?1 zIz1II, so that if IIzm + 11 = 1 then IIz1+1I = zIz1II, and by the 
previous relationship (u1, z1) = 0 for 1 S jS m. Thus (5.1) implies zj+ 1 = Zj for 1 S 
j S m and therefore, 

(uj,zj) = (u, z1)= 0, 1 j?m. 

Since {u1, . . ., um} spans Rn it follows that z1 = 0. This contradicts the assumption 

liz1 11 = 1 and therefore proves the result. 
Lemma 5.2 is closely related to a result of Powell's [11, Theorem 6] in which he 

shows that the special iterations generated by his algorithm satisfy (5.2)(b) below. In 
the result that follows A+ denotes the generalized inverse AT(AAT)-1 of an n by m 
matrix of rank n. 

THEOREM 5.3. Let {uk} be a sequence of unit vectors in Rn. Then the follow- 
ing conditions are equivalent. 

(a) The sequence {uk} is uniformly linearly independent. 
(b) For any 8 E [0, 1) there is a constant a E (0, 1) such that if 101 - i & 

then 
k+mn 

(5.2) || l [I- 0XUjU ]7 || a, k > ko. 
j=k+l 

(c) There is a constant y > 0 such that for each llxil = 1 and k > ko there are 
coeff icients rq1(x) such that for 

k+m 

(5.3) ~~~x = E: rq(x)ui, I r <(x lyS 
j=k + 1 

(d) If the n by m matrix Akm is defined by 

(5.4) Ak,m = [uk+l, * * *uk+m] I 

then there is a constant M > 0 such that for k > ko, Ak has full rank and IiA + , II < ,I. 
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Proof. Assume first that {uk} is uniformly linearly independent according to Defini- 
tion 5.1, and let us show that (5.2) holds. If not, there is a subsequence {kj} such that 

ki+m 

(5.5) lim 17 [I - 01ujuf] = 1. 
i_*0 =ki+ 1 

A compactness argument now shows that there is a subsequence of {kj} (without loss of 
generality we assume that it is the full sequence) such that Uki+j and Oki+j converge for 
1 6 j 6 m. If u and 6j* are the values to which they converge, then (5.5) implies that 

m 

[iI [I- 6*u **TU -1. 

Since 67 E (0, 2), Lemma 5.2 implies that {uJ, . . ., u*} do not span Rn. However, 

Definition 5.1 implies that 

max{I(x, u7*)I: j m} > 

and this in turn implies that ut, .. , u* span Rn. This contradiction shows that (a) 

implies (b). 
Assume now that (b) holds, and let 8 = 0. Then there is a constant a E (0, 1) 

such that for k > kok 
j=k+m 

We now proceed as in the proof of Lemma 5.1 and define 

(5.6) = (I - u1uf)z1, k + 1 6 j 6 k + m. 

Then zk + m + 1 =PkZk + 1 and 
k+m 

Zk+l Zk+m+ 1 = 
E* (Uj, Zj)Uj. 

j=k+l1 

But Zk+1 is arbitrary, so for any given lxii = 1 it can be chosen so that (I- Pk)Zk+1 

=x. Thus the above expression implies that x = E'k +lmi (uj, z,)u,. To bound the 

coefficients (u1, zj) note that (5.6) implies that IIzj+ 1 11 S 11z,11 and thus, 

l(uj, Z1)I 6 IIZk+lII II(6 - Pk)'1 ?- (1 - W 1 

Hence, (5.3) holds with y = (1 - a)-'. 
Assume that (c) holds and let llxil = 1 be given. Then (5.3) implies that Ak is of 

full rank and that 

Akz X, Z =(?k+1 ,. * m). 

Since IIAT+xII 6 llzll if Akz = x, we have that IIA+xII ? m1/2y and therefore, IIAk+II 6 
m1/2 y. Thus (d) holds with p =ml/2 7 

If (d) holds and llxll = 1, then since Ak has full rank, x = Ak(Ak+x). Hence, 

1 = 11x|12 = (ATx, A+x) 6 pAIIATxII. 

It follows that (a) holds with =l1/(m11/2,). 

As noted before, (a) is due to Ortega and Rheinboldt [7]. Conditions (b) and (c) 
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were used by Powell [8], [10] in a hybrid strategy for unconstrained minimization and 

nonlinear equations, respectively, but Powell did not investigate the relationship between 

these two conditions. Finally, (d) seems to be new in the case m > n, although when 
m = n it appears quite frequently. 

It should also be clear that there are other variations of Theorem 5.3. In particu- 
lar, (d) is equivalent to the existence of M1 > 0 such that 

*(e) II(AkmA Tm)111 < 1l for k > ko. 

This follows from the fact that if the n by m matrix A is of full row rank then IIA+ 112 

-II(AAT)-Yl . 

THEOREM 5.4. Let {Uk} be a sequence of unit vectors in Rn. Then the follow- 

ing conditions are equivalent: 
(a) The sequence {uk} is uniformly linearly independent with m = n. 

(b) There is a a > 0 such that for k > ko Idet Akfn I >a( 

(c) There is a IA > O such that for k > ko IIA - 11 S ,u- 

Proof. Theorem 5.3 implies that (a) and (c) are equivalent. Now if (c) holds and 

X is an eigenvalue of Akn n then 1XI > I/,u. Thus, Idet Al > 1/p'n so that (b) holds with 

a= 1jhn. 

To show that (b) implies (c), let Ak,n = QL where L is lower triangular and Q is 

orthogonal. Then all the columns of L are of unit norm and thus, Ilj I < 1. Moreover, 
since Idet LI > a, we also have that 'lii' > a. Now, given x in Rn with IILxll = 1 it 

follows, by induction, that IVI S 2'-'/ai where x = (Q). Hence, llxil < (2/a)n and 

therefore, 

IIAk,1 11 = II L 1Q-l1 11 = JIL- 1 11 < (2/a)n 

Thus, (c) holds with p = (2/a)n. 
To illustrate the usefulness of Theorem 5.3 we present simple proofs of the asymp- 

totic behavior of the matrices generated by Broyden's update. For this purpose consi- 
der 

(5.7) ~ ~~~[yk~ 
- JkPk]Pk 

(7) Jk+l =Jk + ok IIPkll2 , Yk = F(Xk + Pk) - F(Xk), 

where F: Rn -* Rn is continuously differentiable in an open set D, and assume that the 

following conditions are satisfied. 

(a) The sequence {Xk} remains in some set Do C D and 

IOk - II < 0 for some 0 E (0, 1). 
(5.8) (b) The sequence of nonzero vectors { Pk } is uniformly 

linearly independent, and the line segment from Xk to 

Xk + Pk lies in DoI 

As an initial step in analyzing (5.7), we will need the following simple result. 

LEMMA 5.5. Let {fk} and {5k} be sequences of nonnegative numbers such that 

Okk+m < a Ok + 5k for some fixed integer m > 1 and a E (0, 1). If {5k} is bounded, 
then {5k} is also bounded, and if in addition, {5k} converges to zero, then {pk} con- 

verges to zero. 
Proof. Assume first that m = 1. It can then be verified that 
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k-1 

Ok < 0tk0o + E: Cak -j5 
j=O 

so that if 5 is a bound for {5k} then bk < akfb + 5(1 -af'. It follows that {5k} 

is bounded; a similar argument shows that if {5k} converges to zero then {q5} also con- 

verges to zero. If m > 1 let $ =q5km +ifor any integer O S i S m - 1. Then $k+1 

6 ?k ? km + and thus the above argument shows that if {5k} is bounded, then 

{hk} is bounded for any 0 S i S m - 1, and therefore, {kk} is bounded. Similarly, if 

{5k} converges to zero, then {0k} also converges to zero. 

The following two results are due to Powell [8], but since he used version (c) of 

Theorem 5.3, his proofs are quite involved. 

THEOREM 5.6. Let F: Rn -+ RI be continuously differentiable on the open set 

D and assume that F' is bounded on some Do C D. If the sequence {Jk} is defined by 

(5.7) and assumptions (5.8) hold, then {Jk} is bounded. 

Proof. Equation (5.7) shows that 

4+~ -~Qk ?0YkPk 1 PkP7 Jk+l1 JkQk + ?k lPk 112 Qk k ?lkllp12- 

Now note that IIQkll S 1 -and that lokl < 2 so that an induction argument on m yields 
k+m IIy*II 

IIJk+m+lII ? IIJk+lQk+l QQk+mI + 2 E *I1 

If IIF'(x)lII S p for x in D0, then 11y1ll S IIpil. Therefore, Theorem 5.3 shows that 

there is a ko > 0 and a E (0, 1) such that "IJk+m+1" < aIIJk+j 1I + 2m,. The result 

now follows from Lemma 5.5. 

For the application of this result to the hybrid method, Do = LA. Also note 

that Theorem 5.6 has applications to least squares methods since this result is unchanged 

if F maps Rn into RP for some p = n. These same remarks apply to the next result. 

THEOREM 5.7. Let F: Rn -+ R' be continuously differentiable in the open set 

D and consider the sequence {Jk} defined by (5.7). If assumptions (5.8) hold, and in 

addition {Xk} converges to some x in D and {Pk} converges to zero, then {Jk} con- 

verges to F'(x). 

Proof. The proof of this result is very similar to that of Theorem 5.6. In fact, 

(5.7) shows that 

1k+l - F'(x) = [Jk - FI(x)]Qk + ?k [Yk (x)PkIPk IIPkII 

Also note that I"Yk - F'(x)Pkll < ekllkll where 

ek = max{IIF'(Xk ? tpk) - F'(x)II: 0 S t S 1}. 

Thus an induction argument on m and Theorem 5.3 show that there is a ko > 0 and 

a E (0, 1) such that 
k+m 

IIJk+m+1 - F'(x)II ?aIIJk+1 - F'(x)II + 2 E e1. 
j=k +1 

Since {Ek} converges to zero, the result follows from Lemma 5.5. 

The proofs of Theorems 5.6 and 5.7 are similar to those presented by Powell [10] 

for the symmetric form of Broyden's update. However, here the assumptions are weaker, 
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and our formulation clearly shows that these results do not depend on the particular 
algorithms which generate {Xk} and {Pk}. 

Finally we note that Powell [8] and Schwetlick [13] discuss algorithms for main- 
taining uniform linear independence. 

6. Powell's Symmetric Version of Broyden's Method. Assume as before that 
F: Rn -+ Rn is continuously differentiable on some open set D, but in addition, sup- 
pose that F'(x) is symmetric for all x in D. In this case it is advantageous to modify 
update (3.2) so as to take into account the symmetry of F'. One such modification is 
due to Powell [10]: 

Bk+ = Bk 0 VkS k SkVk ' 02 (vk, Sk)S T 
(6.1) Bk+1 =Bk+okkk k k k -Sk 112 k IISk114 kSk 

Vk 
= 

Yk 
- 

Bksk, 

where the parameter 0k is chosen so that Bk+ 1 is nonsingular. In this section we point 
out how the results of the previous section are changed if (3.2) is replaced by (6.1). 

For the motivation and derivation of this update in the case ok = 1 we refer to 
the survey article [5]. In this paper we follow Powell [1 1] and outline how 0k can be 
chosen so that Bk+ 1 is nonsingular and (3.4) holds for some 0. 

It is not too difficult to show (see, for example, Lemma 7.6 in [5]) that as a 
consequence of Lemma 3.1, 

det(I + uvT + pqT) = (1 + (u, v))(1 + (p, q)) - (u, qXv, p). 

From this identity and after some manipulation it follows that if Bk = H 1 is non- 
singular, then det Bk+ 1 = Ok(Ok)det Bk where 

=s1 - H20 (k xHkVk (Sk Hk Vk2 + k', HkSk)(Vk, HkVk ? Sk) Ok(o) = 1 
l~~~~~ISkI112 ? 0 j Skit14 

Given a in (0, 1), Powell [11 ] chooses ok = 1 if I4k(1)l > a, and otherwise, ok is 
chosen to be a number closest to unity such that Ok(o) = a. An important point about 
this choice of ok is that 

IOk - 1 [2a/(a + 1)11/2. 

However, we emphasize that in this paper ok need only satisfy (3.4). 
It is now natural to consider the symmetric analogue of Broyden's method in 

which the sequence {Xk} is defined by (2.1), (2.3) and {Bk} is generated by (6.1) and 
(3.4) with Bo symmetric and nonsingular. This method is known as the Powell-sym- 
metric-Broyden algorithm. 

THEOREM 6.1. Let F: RI -+ RI satisfy the assumptions of Theorem 2.1 and in 
addition, suppose that F'(x *) is symmetric. Then the Powell-symmetric-Broyden algo- 
rithm is locally and superlinearly convergent at x *. 

This result is due to Broyden, Dennis and More [3] if Ok-1; if Ok is just 
restricted by (3.4), the proof is very similar, so it is omitted. 
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Theorem 6.1 is the analogue of Theorem 3.4; the following result parallels 

Theorem 3.2. 
THEOREM 6.2. Let F: Rn -+ R' be defined by F(x) = Ax - b where A in 

L(R') is symmetric and nonsingular. Then the Powell-symmetric-Broyden algorithm is 

globally and superlinearly convergent. 
Proof If Ek = Bk - A then (6.1) implies that 

Ek+l QkEkQk, Qk = kIS- OkSkIkII2 

and since lIQkll S 1, estimate (1.2) yields that 

||k+ lF S liEkQklF' 

However, in the proof of Theorem 3.2 we proved 

IIEkQkIIF= IIEk IIF F k(2 -Ok)(IIEkSk11/11SkII)2, 

so that the last three estimates show that 

(1 -_ )2(IIEkskI1/12skII) S IjEkI1j - IIEk+l112 

This inequality implies (3.5) and thus the proof proceeds as in Theorem 3.2. 

It should now be clear that Theorems 5.6 and 5.7 remain essentially unchanged 

if {Jk} is generated by 

~k+l ~k ?O VP?kV o2 Yj2k? Pk' 

(6.2) Jk+II = Jk + k IPk 112 k lPk ll4 Pk k' 

Vk = F(Xk + Pk) - F(Xk) - JkPk' 

with JO symmetric; the only difference is that now F'(x) is assumed to be symmetric 

for x in D. 

7. Concluding Remarks. It is interesting to compare our results with those 

obtained for Powell's 1970 hybrid method [10] for the unconstrained minimization of 

a functional f. 
Powell [12] shows that if update (6.1) is used without special iterations, then 

there is global and superlinear convergence. However, his results do not apply to the 

functional t defined by (4.1) because he assumes that the gradient of the functional 

can be calculated exactly. It is an open question whether Theorems 4.1 and 4.2 hold 

for the sequence {Jk} defined by (5.7) if no special iterations are performed, but our 

numerical experiments show that in most cases special iterations are numerically desir- 

able. 
Thomas [14] in his Ph.D. thesis shows that if Powell's 1970 hybrid method is 

slightly modified then, with special iterations, the sequence {Vf(xk)} converges to zero, 

while Powell only shows that this holds for some subsequence. It would be interesting 

to show that a similar result holds for the hybrid method of this paper so that in 

Theorem 4.1 we actually obtain the convergence of {IIJjT(xk)II} to zero. 
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